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COMPLEX APPROXIMATION FOR VECTOR-VALUED FUNCTIONS

WITH AN APPLICATION TO BOUNDARY BEHAVIOUR^)

BY

LEON BROWN, P. M. GAUTHIER AND W. SEIDEL

ABSTRACT.   This paper deals with the qualitative theory of uniform approx-

imation by holomorphic functions.  The first theorem is an extension to vector-

valued mappings of N. U. Arakelian's theorem on uniform holomorphic approxima-

tion on closed sets.  Our second theorem is on asymptotic approximation and

yields, as in the scalar case, applications to cluster sets.

Let D be a proper domain of the Riemann sphere, D* its one-point compact-

ification, F a (relatively) closed subset of D,  X a locally convex (complex) topo-

logical vector space, 77(D, X) the holomorphic mappings from D to X,  HF(D, X)

the uniform closure of restrictions to E of mappings in 77(D, X), and AiF, X) the

continuous mappings from F to X holomorphic on F .

Mergelian's celebrated theorem [11] gives necessary and sufficient condi-

tions in order that HF(D, X) = A(E, X), for the case where D = X = C, and  F is

compact. Recently, E. Briem, K. B. Laursen, and N. W. Pedersen  [5] have ex-

tended Mergelian's theorem to the case where D = C, Eis compact, and X is

a locally convex space.

In a different direction Arakélian ([l], [2], and [3]) has generalized Mergelian's

theorem to the case where D is an arbitrary proper domain of the Riemann sphere,

F a (relatively) closed subset of D, and X = C. Theorem 1 of the present paper

extends Arakelian's theorem to the case where X is a Frechet space. We remark

that the necessity of Arakelian's conditions holds for an arbitrary locally convex

space.

The closed set E C D is said to be a set of tangential, asymptotic, or Carl-

eman approximation provided that for each f £ AiF, C) and each positive continu-

ous function e on E, there is a function g £ 77(D, C) such that  \fiz) - giz)\ < ¿(z),

z£ F. Arakélian [3] has given necessary and sufficient conditions for
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tangential approximation in case F   = 0. For general closed F, the problem has

been completely solved by Nersesian [12]. Our Theorem 2 gives a vector-valued

theorem on asymptotic approximation for the case where F   = 0. As in the scalar

case (see [8j), Theorem 2 yields powerful corollaries on boundary behaviour of

holomorphic functions. In the scalar case, asymptotic approximation has also

found deep applications to value distribution theory [3].

The proof for Banach spaces is a modification of the proof in the scalar case

and requires the use of the Hahn-Banach theorem at several points. We include it

it in the Appendix as Theorem 3, partially for expository reasons, as the proof for

the scalar case is not easily accessible and many details are left out. Our proof

of Theorem 3 is modelled on Arakelian's proof for the case where D = X = C as

presented by W. Fuchs [7] and Arakelian's proof where D is a general domain and

X = C [2].

We use the following notations.  S    is the Riemann sphere; p the chordal

metric on S2. For ECS2, 8>0, Np(E, 8) = \z £ S2: piE, z) < 8\, and F denotes

the S2-closure of E, dE the S2-boundary. For z £ C, 8 > 0,  Biz, 8) = i^£ C:

\z - £| < Sj. Let D be a proper domain in S2. A boundary curve a in D is a

continuous curve a: [0, 1) —» D such that dit) —» dD, as Z —» 1. If F and X ate

topological spaces, C(F, X) denotes the continuous mappings from F to X; we

write C(F) = CÍE, C) and AiE) = A(E, C) etc. For X a Frechet space, {p  } will

denote an increasing sequence of seminorms which generate the topology of X.

Theorem. 1. Let X be a Fréchet space, D a proper domain of the Riemann

sphere, and F a (relatively) closed subset of D.  Then

(1) FF(D, X) = A(F, X)

if and only if D*\F is connected and locally connected.

Proof. For the case where X = C, the necessity was shown by Arakélian [2]

(see also [9]). Now suppose D*\F is not locally connected and connected. Then

there is a function / £ AiF, C) and an f > 0 such that

(2) \fiz) - giz)\ <e,      zeF

is satisfied by no function g £ F(D, C). Fix x £ X,  x /=■ 0, and choose a seminorm

p such that pix) = 1. Then by the Hahn-Banach theorem, there is an x* £ X* for

which x*(x) = 1, and |x*(y)| < piy), for all y £ X. Suppose, to obtain a contradic-

tion, that (1) holds. Then there is a holomorphic mapping G £ HiD, X) tot which

pifiz)x-Giz)Xe,  z £F.

Thus

|x*(/(z)x-GU))| <e;
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that is, |/(z) - x*(G(z))| < e, which contradicts (2) and proves the necessity.

To prove sufficiency it is enough to show that AiF, X) C 77p(D, X) if D*\F

is connected and locally connected. Let / £ AiF, X). We shall construct a Banach

space  y C X, with a stronger topology such that / is also in A(E, Y). Since the

theorem is true for Banach spaces (Theorem 3), f £ HFiD, Y). However, since

the topology on  Y is stronger than the topology on X, HF(D, Y) C HpiD, X),

which will establish (1).

Let \pn\ be a sequence of increasing seminorms which defines the topology

for X. If \con\ is a sequence of positive numbers, then one easily shows that

ix £ X: sup co p ix) < ooi = y C X

is a Banach space with a stronger topology than that of X. Let (D^i be an ex-

haustion of D by domains: D'   C £>    j, « = 1, 2, • • • , and D = U^l^n' ^et

7<n = F n Dn, and let TCj be an exhaustion of F° by compact sets such that

K C (Cl)0' « = 1, 2, • • • , and E° = UT-I<0' We set

,_1_ „ _ _1_

(Ú"~ 1 + supK    pnifiz)) '     (Ú" ~ 1 + supK,  pnif'iz)) '
n 77

Lemma 1. For each j,

,,,. sup sup co  p ifiz)) = Al . < oo,

zeK.    n
l

and

(A\ sup   sup co" pif'iz)) = M.'. < oo.

z£K .      77
;

Proof. If z £ K. and « > /, then co¿pnifiz)) < 1. While if « < /, pn ° / is

continuous and thus bounded on 7<.. This proves (3), and (4) is proved similarly.

Now set

(5) mmi(o'n, co"n)
co   =-

77 n

and let  y be the Banach space associated with the sequence \co  \.

Lemma 2. With respect to the strong topology on Y,

(i) f: F —, Y is continuous, and

(ii) f: F   —»y is holomorphic.

Proof. Lemma 1 implies that /(E) C y and / (F) C Y, where /   is the

derivative with respect to the topology of X.

To show (i) fix z £ F and choose / so that z £ K.. Then, for £,£ K.  .,
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\\fiz)-fi0\\ = su¡>onpnifiz)-fi0)
n

< sup o>nPnifiz) - fiO) + sup <ùnpnifiz) - fiO)
nzN n<N

< N'1 sup <o'nPnifiz) - fiO) + sup <onP„ifiz) - fiö)
nzN n<.N

< My+1/N + sup 6>npnifiz) - fiO)-
n<N

Given  e > 0, choose Ai > 2M..,/(, and choose 8 > 0 so that

C £ Biz, 8) OF — sup (0npnifiz) - fiO) < d2.
n<N

Hence for such £, \\fiz) - fiC)\\ < £• This proves (i).

To show (ii), fix z £ F , and choose / and k such that z £ K. C\ k!. Now

choose 5 > 0 so that Biz, 8) C K.+ x n Kfc'+1 and set T = f£: |£- z\ . 8\. If

|¿| < 8/2, then, for every n,

(liz + b)-fiz)\ ,
nr n U2z7z Jr£_(z + ¿)~¿_z  4

*U <p„(/(0)k¿i
'riK-fc + è)]^-*]!

-   ;+l 277 Jr \[£-iz +
<Im.

\lÇ-iz + h)][£-z]\-8   ;+i

Consequently

(6)
(fiz + h)-fiz)\^2u

sup      sup a)  p    I---1 < •». M

M<8/2     n

"-• -R  "• ■    , •
- 8   J+1

Let  \h\ < 8/2 and /   be the derivative of / with respect to the topology of

X.  Then

fiz + h)- fiz) ,
-/ (2,

*   ff(* + b)-f(z)
- SUp 0,ni.n    -7-/ U)

< sup (ùnpni ) + sup conpni ).
n>N n<N

As in the proof of (i), it is sufficient to show that, for given e,

(7)
¡f(z + h)-fjz) \      t

SUP/A   -h-~f     )     2*
naN \ /

provided N is sufficiently large. Now (7) is less than or equal to
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o>n      (fiz + b) - fiz)\ <*„
sup       pn I-I + sup - p„(/ W)
712N \ /        n>N

1 /fiz + h)-fiz)\       1
- » S "A \—*—j+ » S w A(/ (2))

< - - M. , + - M,.- N 8    '+1     N    k

The last inequality follows from (6) and (4). This establishes (7), which com-

pletes the proof of Lemma 2 and of the theorem.

Having considered the possibility of uniform approximation, we now turn to

the possibility of asymptotic approximation.

Theorem 2.  Let X be a Frêchet space, D a proper domain of the Riemann

sphere, and F a irelatively) closed subset of D with empty interior.   Then, for

each mapping f £ CiF, X) and positive function c £ CiD, R+), fèere is a holomor-

phic mapping g £ 77(D, X) such that for each continuous seminorm p,

(8) pifiz) - giz)) = oieiz)),

as z —♦ dD, z £ F, if and only if D*\F is connected and locally connected.

Proof. In case  X = C, this theorem is essentially a corollary of Theorem 1.

However in the general case, it seems that a detailed proof is required.

We remark that it is sufficient to show that for «=1,2, • • •

(9) pnifiz)-giz)) = Oieiz)),

as z —► dD, z £ F. This is so, because for each p there is an « and a constant

A such that p < Apn, and by choosing an appropriate eiz) we can replace o by 0.

We now prove (9).  Let D, F, f, and  t be as in the hypothesis of the theorem.

If F is compact, then the theorem is vacuously true.

Suppose E is not compact. Then we may assume lim eiz) is zero as z

approaches the boundary of D.

If K is a compact set in D we may choose a compact set 7<   CD and con-

taining K such that (D*\F)\k' is connected. Also set

K2 = \z £ F: eiz) > t(Q,   for some   £ eK1! U K1.

Now let |7<n} be a normal exhaustion of D by compact sets inductively con-

structed so that K0 C\F ¿0 and K^jCfi", » - 1, 2, • • • . We may choose the

Kn in such a manner so that the e    strictly decrease to zero, where f   =

min \eiz): z £ K2\. Set FQ = F DK2 and, for « = 1, 2, ... , set

F« = Kl   1  u <F ° *0 = Kl   1 u Í* e F: «W > 'J-n r—1 n n—i —   n

It is not difficult to verify that D*\Fn is connected. Thus F  is a "Mergelian set."
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Set /0 = /, for z € FQ. Then by Mergelian's theorem [5], there is a mapping

g0 holomorphic on all of D such that Pi(g0(z) - fo^z^ < «j./4, z £ FQ. Now set

K_x = 0, f_j = + oo, g_¡ = g0 and suppose mappings g-, j = 0, 1, ■ • • , n - 1,

holomorphic on all of Z), have been defined satisfying

(10) p .ifiz) - gfz)) < e/2, if e. < <rU) < f._ x,

(11) Py+i^ - */*» < f;+1/4,     if e(z) = ey,

and

(12) í/gjM "«,.,«>< «y/2'+1.        «eK;.^

We wish to define gn, but first we must define /n. Set /n = gn_\ on  K2,..,. The

function /   is defined on the closed set K     ,   and we shall define it on all of
1 n ti — 1

F . Set F   = /'   — f. Then F_ is defined on a closed set which does not meet
Tï n     'n     ' n

the set

(13) \z £ F: eiz) = fJ.

Set Hn = 0 on the set (13). F    is continuously defined on a closed subset of the

normal space

(14) \z eF:en_l>dz)>in\

and is p -bounded by f„/4.  By Dugundji's extension of Tietze's theorem  [6], we

extend Hn continuously to all of (14) so that the extension retains the same

bound. Now /   = /+ Hn is continuously defined on all of  Fn  and is holomorphic

on the interior. By Mergelian's theorem, there is a function g    holomorphic on

all of D such that P„+lig„iz) - fniz)) < e„ + 1/2n+1,  z £ F%. From the way in

which /   was defined, it follows that gn satisfies (10), (11), and (12).

Thus we define a sequence \g  \ satisfying (10), (11), and (12). From (12) it

is clear that \g   \ converges to a mapping g holomorphic on all of D. Now fix

p    and let z be any point of F so close to the boundary of D that iiz) < tn_y

Choose N so that („iz) < eiz) < eN_¡. Then for any m> N,

m

Pnifiz) - giz)) < pnifiz) - gNiz)) +     Z    Pigfz) - «,-. j W) + PjgJ*) - fa))-
¡=N + l

By choosing ttz sufficiently large, the last term can be made as small as

desired, and so from (10) and (12) it follows that pnifiz) - giz)) <eN< eiz). Since

this holds for any z for which eiz) < e_j, the proof is complete.

As a consequence of the preceding proof we have

Corollary 1. Under the hypotheses of Theorem 2, for each seminorm p, there

is a holomorphic mapping g £ F(D, X) for which pifiz) - giz)) < eiz), z £ F.



COMPLEX APPROXIMATION FOR VECTOR-VALUED FUNCTIONS 155

As a further application of Theorem 2 we have the following result, first

proved by Kaplan [lO] for the case that X = C.

Corollary 2. Let X. be a Frêchet space, D a proper domain of the Riemann

sphere, \a„\™-,  a family of disjoint boundary curves, and let f £ C(an, X), « =

1, 2, 3, • • • , and e £ CiD, R+). Then there exists a holomorphic mapping g £HiD, X)

such that for each continuous seminorm p, and each « = 1,2, • • • , pifiz) - giz)) =

oieiz)), as z —► dD, along a .

Proof. The proof is the same as for the case X = C (see [8]).

A holomorphic mapping g £ 77(D, X) is said to have asymptotic value x£ X

along a boundary path a in D provided fiz) —» x as z —* dD along  a.

Corollary 3. Let X be a Frêchet space, D a proper domain of the Riemann

sphere, a     « = 1, 2, • • • , a family of disjoint boundary curves, and x , n =

1, 2, • • • , a sequence of elements of X.   Then there is a holomorphic mapping

g £ 77(D, X) which has asymptotic value x    along a , for «=1,2, • • • .

Note that by an appropriate choice of eiz), one also obtains a mapping which

approaches prescribed values with a prescribed speed along prescribed boundary

curves. For the case where X = C, Corollary 3 was proved by Bagemihl and

Seidel [4] and by Rudin [13].

We conclude this section with some open problems.

Conjecture 1. Theorem 1 fails if X is allowed to be a general locally convex

space. A counterexample is required.

Conjecture 2. Theorem 1 holds for X locally convex, K compact, and D an

open Riemann surface.

Conjecture 3. Theorem 2 holds for X Frêchet and D an open Riemann surface.

APPENDIX

Theorem 3. If X is a Banach space then HpiD, X) = AiF, X) if and only if

D*\F is connected and locally connected.

Proof. The following proof is based upon Arakelian's proof for the case where

D and X are the plane as presented by W. Fuchs [7] and Arakelian's proof where

D is a general domain and X the plane [2].

Four lemmas are required. We begin with a slightly modified lemma of Rudin.

Lemma 1 (Rudin [14, p. 383]). Suppose a is a compact and connected sub-

set contained in a disc of diameter 2r, Q = S2\a is connected, and the diameter

of a is at least .99r.  Then there is a function g £ 7/(fl) and a constant b, with

the following property: If

(15) QiC,z) = giz) + iC-b)g2iz),
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the inequalities

(16) |ß«:, z)\ < 100/r,

(17) \Qi£, z) - l/iz -0\< 1000 r2/\z - £\\

hold for all z £ 0 and for all £ in the disc.

Lemma 2. Let a be a compact, connected subset of D and y be a boundary

curve originating at a point of a,  EQ a closed subset of D such that (y yj a) O

EQ = 0. If Qiz) is a function holomorphic in S \a, rj > 0, then there exists a if/

in HiD) such that

(18) \if/iz) - Qiz)\ < q    forz£EQ.

Proof.  The method of proof involves the standard technique of pole pushing.

We include the proof for completeness.

Let y be parameterized by z: [0, l) —> D.  By finite induction one chooses

0 < fj < t2 < ■ ■ ■ < tn < tn+1 < ... < 1 such that if f > tn then pizit), dD) < 1/n.

Again by induction we choose domains G    such that

(i) (T n E0 = 0 for all n,

(ii) G1 DffU z([0, fj)),

(iii) Gn lzi[tn_y tj), «>1,

(iv) Gn C NpidD, l/in - 2)), « > 2.

Using Runge's theorem we construct inductively a sequence of rational func-

tions if/n with the following properties:

(i) if/n has a unique pole at z(f„),

(ii)  \Qiz) - if/Az)\ < 77/2 for z £ S2\GV

(iii) \ijjn_ Az) - if/niz)\ < r,/2" for z £ S2\Cn and « > 1.

On compact subsets of D, if/    converges uniformly to a function if/ in HiD).

If z£ EQ, then

00

\Qiz) - i¡JÍz)\ < \Qiz) - if/^z)] + X  l^.xW - ^>)| < r¡-
71 = 2

This completes the proof of the lemma.

Lemma 3. Lef D be a domain of the finite plane.   Then there exists a func-

tion p £ CKiD) such that 0 < piz) < piz, dD), |tjp| < 1 for z £ D.

Proof. See Arakélian [2, Lemma 4].

If (f¡ is a function from D into X which has continuous partial derivatives

we say that cf> £ CAD, X).
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Lemma 4. Let D be a domain of the finite plane and f a continuous func-

tion from D to X.  For e>0, there exist 8 £ C!(C) and <f> £ C1iD, X) such that

8\q\d = 0, and for z £ D,

(19) 0 < 8iz) < V2piz, dD),       \d8\ < min \e, 8l/2iz)\,

(20) Uiz) - /(z)|| < e,       \\d<f>iz)\\ < e/8iz).

Furthermore, if for some point z £ D, the ¡unction f is holomorphic in the disc

\£-z\ <8iz),then <f>iz) = fiz).

Proof. Taking e < 1, we shall construct the function 5(z). For the compact

set KXCC, K   = {z £ D: piz, dD) > A], the condition z e Kx and \Ç - z\ < A/2

implies that £ £ K\/2. Thus for 8 a constant, 8 < À/2, we may set

<u(A,5)- max \\fi£) - fiz)\\.
zeKx,\r,~z\<S

Note that (oi- , 8) is nonincreasing, <y(A, ■ ) is nondecreasing and <u(A, 0) = 0.

Thus we may define §j(À) as the unique value of 8 for which <y(A, 8) + 8 = eX/2.

Note that Sj(A) is strictly increasing. Now define 82ik) by

8l2ni\) = y2 f^8\/2it)dt,      0<X<1.

Evidently, we have

(21) ¿52(A)<S1(A)<eV2<A/2.

Also, a direct calculation gives

6-'2(A) = S^/2(A)S}/2(A) < mink/2, S^/2(A)j.

For z £ D, we set 8iz) = 82ipiz)), where p is the function in Lemma 3. (19) fol-

lows since

0 < 8iz) = 82ipiz)) < piz)/2 < piz, dD)/2

and

\dSiz)\ = \8'2ipiz))\\dpiz)\.

For z e C\D, set 8iz) = 0. We must verify that 8 £ CHC). This follows from

(21) and the fact that 8'   is continuous and p£ C (D).

The mapping $ is defined by the vector-valued integral

(22) ^-W^^'/J^^n.j/COAt.
where ds ^ is Lebesgue planar measure. It is clear from (22) that if / is holo-

morphic in the disc  \£- z\ < 8iz), then x*(cp(z)) = x*(/(z)), for each x* £ X*,
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which implies by the Hahn-Banach theorem, that <£(z) = fiz).

Furthermore

Uiz) - /fe)|| <       max       ||/(0 - /to|| < coipiz), 8iz))
\í~z\¿Hz)

= coipiz), 82ipiz))) < coipiz), SApiz))) < tpiz)/2 < i/2 < f.

To complete the proof, there remains only to verify the second inequality

of (20).

dcf>iz) =-1   [[ fi0dsr+-L-d   ((,r     ,  ,      fiQds,.

Let <f>iz,8) = fï\r_z\<sfiOdsr. Then

¿Vto 8) = [§ to ««su) + fz iz, 8)dz] 5=S(z).

Since  dz = 0, we have

2t3Sto
a*w=- ^ ckiz)+_l/¿ rr   . ' /«j * t)

7tS2(z)

2

~5to

2r5Sto

dSto

Thus,

c?Sto • <¿>to + —J— \— f*  f* /U + ueñudOdu] d8iz
n82iz)ld8J0J0 J

["/to - «¿to + ¿ J"^ i/(* + Stoe10) - fiz)\dd\ .

SU)

2?Sto

~8izT

and the proof of Lemma 4 is complete.

Having established the required lemmas, we now proceed with the proof of

the theorem. Let D*\F be connected and locally connected. If /e A(E, X), then

we shall prove that / £ HpiD, X). Since  X is an absolute retract [6], we may

assume that / £ CiD, X). We may also assume <*> 4 D. Given e > 0, let <f> and 8

be the functions from Lemma 4, and T the support of 0<tJ. Also,let |Dn| be a

normal exhaustion of D. That is, for each n,  D    isa domain bounded by finitely

many disjoint smooth Jordan curves, D   C Dn+j, and D = U~_i0„. Using the

Hahn-Banach theorem, one easily obtains the following generalization of Pompeiu's

formula [7, p. 14]

«"-¿rJkg«-rJï..gi*r
TI ^ ft

for z £ D_.
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Let £0 be such that di£0, D\F) < 8i£0).   Therefore   there   is   a  point

£,£(D\F)0 B(£0, 1.001 5(£0)). Consequently, since D*\F is connected and

locally connected C   can be joined to the boundary of D by a curve yn C D\F,

such that for each ttz there is an 72 > ttz such that

(24) yQ ODm = 0    if £0eD\Dn.

Moreover, one can find an arc crQ of y0 contained in B(£0» 2S(£0)) and of diameter

0.99 5(£0). An application of Lemma 1 establishes the existence of a function

Q0i£, z) linear in C, QQi& ■ ) £ HiS2\aQ),

,    I    l000 82iCn)
ic.«..)|<^. c- \c-■z

3

where Ce s(^o' 25(£0)) an¿ z e ^2\arr ^ restricting £ to a sufficiently small

disc B ç    with center at £0 we arrive at the following inequalities:

(25) |Q0(C »)| < 200/5(0,

(26) \Q0(C, *) - 1AC-«)| < 2000 S2(0/K- z|3,

where (fBj    and z £ S2\o"n.

The family |B ► : ££ T| = ÍB is an open cover of Dn Ci T fot all 72.  By finite

induction and the Heine-Borel theorem we can extract a sequence Bn with asso-

ciated functions Qni£, z), n - 1, 2, • • • , such that  T n l_J"B - is strictly increas-

ing and for a subsequence of indices n,, D.Ci   T C U_iB--

For ££ T, we define Q(£, z) = 0(£, z), where   7 is the smallest index such

that ¿eB.. Let G   =To (ß \|J7-1B.). Then we have
1 n n     >• 1 7

(27) Q(-> z) is linear on Gn.

If £ £ G  , g(£> •) is holomorphic on Û. = S \o   D F,

(28) where o    is an arc of a curve which joins a point near £ to

the boundary of D,

(29) |0(C *)| < 200/5(0,

(30) \QiC, z) - 1/iC- z)\ < 2000 82iO/\C - z\\

for £ £ T and z £ fi ».

The integral

'-íjLd.^í^^-^k z eF,
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exists by (27), and the fact that T n Dn is contained in a finite union of the G¿'s.

We shall show that

(31) |li<ü«.

where A is a constant independent of « and of z £ F. For V   = |£e D: |£- z\ <

48iO\,
1

M Ú If mo  Í„«O
Q(C, z) -

c-
ds

£

ÇÇ +   ÇÇ <Ae[I, +/,],
JJTnD nv       JjTnD \v   -        l      2

by (29) and (30), where

(32) .-//,

ds,

vz8iO\C-z\
f.

//cc\v

8iQ

\C-z\
- dSr.
3      5

Because of (19) and the mean-value theorem,

(33) |5(0-5to|<2í|C-r|,    Í,z£D.

Hence if   í < 1/16, we obtain for £ 6 Vz, S(z)/2 < S(£) < 25(2), which implies that

Vz C 73(z, 85to). Therefore

dsr
I, < Sis1      8(z)  JJb(z,8S(z)   |£_2

Analogously C\V   C C\B(z, 2S(z)) and so

8i0

32tt.

7. < 277-+ rr
2 JJb<z,1)\B(z,2S(z))     |£_z|3

isc=277+J27r/3(ö)iiÖ.

Furthermore, taking (19) into account, and the estimate £(£) < \£- z\, ££

C\B(z, 28(z)), and integrating by parts,

'3--JU*>iK*+>A(1/'>)
id-

8iz + 28iz)e'°)    n     81/2iz + Pen

Í * < i ♦ fi ¿p
2Sto J 25<z> P ' " ^

This completes the proof of (31); which says that the function

= 3.

h"{z)-h   fdo^-lffr«*  ~W0Q(C,z)dsr
satisfies

(34) \cpiz) - ¿Bto| < At,      z £F n Dn,

where A is a constant independent of «.

Recalling that for £ £ G., Qi£, z) = giz) + (£ - b)g2iz), where g • is holo-

morphic in 5 \o\., we invoke Lemma 2 to obtain a function if/iz) holomorphic in

D such that
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\g.iz) - if/ .(z)| < 77.,       z £ F U Dk(j),

where k(j) is the largest index for which D,   does not meet the boundary curve

y• of which a. is an arc, and n. is chosen so small that setting

(35) G(C,z) = if/.iz) + iC-b)if/2iz),

4£G., z£ D, we have

\GiC, z) - QiC, z)\ < 8iC)/H + \CW
for £ £ G. and z £ F U D„ ... From (35),  G( •, z) is integrable over T O Dn, and

we have

8(¿*\

\ SLon WIQ«. •)- o(fc .)«*t| <; JJ™è m^ *6

<i rr _±l_ = Ae,
-n JJC1 + |¿;|3

for z e F, where A is a constant independent of z and of tz.

Thus we have shown that the function

H (2) = -L   f,     P-a'C-I   (L  n    dcßiOGiC z)dsv
n 2zrz  JdD  Ç-z v JJTnDn    ^ t

holomorphic in  D , satisfies

(36) \\fiz) - Hniz)\\ <Ae,      z £ F D Dn,

where A is independent of tz and z.

To complete the proof we need only show that as tz —► 00, H    converges to a

mapping g, holomorphic on all of D. Let K be a compact set in D. Choose 7Z0

such that K C D    . By (24) there is an /Vj  such that 7 > Nx —» &(/) > tz0. Now

choose N2> Nx  such that T\DN   C U°°_N G.. Suppose N2< m< n. Then, for

zeK,

«>>-*>>-¿ (Ja,- JD )£?*-; JJro(o \o ,WW..)*r
\        71 m/ "=>"<■ n       m

The formula of Pompeiu then gives:

F (z) - F   (z) - I JT   /n     n   N dcpiQÍ-L.- Git, z)\ ds.

n       m

¡x + i2.
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The choice of N 2 yields the following estimate:

.,,,.   i  rr t   20oos2iOj     2000 ÇÇ   x       dsc
/,     <-    IL       _      ~-dsr<- JJD   \D     -2-;
1 n  iiDn^Dm8iO   \C-z\> C_    " "       m\Ç-z\l

S(0 I    rr dsl

l'a <I rr      _i_    KQ de <- ÇÇ
~77  JJD\D_ §<f)   ,   .  1/13    S^      IT  JJD\^DmSi$l + \£\l       l     "  JJDB\Dml + |¿|3

These estimates show that /j  and  I2 converge to zero, uniformly on  K, as

«, t« —» 00. Thus 77   converges,  uniformly on compact subsets of D, and the proof of

Theorem 3 is complete.
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