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COMPLEX APPROXIMATION FOR VECTOR-VALUED FUNCTIONS
WITH AN APPLICATION TO BOUNDARY BEHAVIOUR(!)

BY

LEON BROWN, P. M. GAUTHIER AND V., SEIDEL

ABSTRACT. This paper deals with the qualitative theory of uniform approx-
imation by holomorphic functions, The first theorem is an extension to vector-
valued mappings of N, U. Arakélian’s theorem on uniform holomorphic approxima-
tion on closed sets, Our second theorem is on asymptotic approximation and
yields, as in the scalar case, applications to cluster sets.

Let D be a proper domain of the Riemann sphere, D* its one-point compact-
ification, F a (relatively) closed subset of D, X a locally convex (complex) topo-
logical vector space, H(D, X) the holomorphic mappings from D to X, Hg(D, X)
the uniform closure of restrictions to F of mappings in H(D, X), and A(F, X) the
continuous mappings from F to X holomorphic on F°,

Mergelian’s celebrated theorem [11] gives necessary and sufficient condi-
tions in order that H(D, X) = A(F, X), for the case where D = X =C, and F is
compact. Recently, E. Briem, K. B. Laursen, and N. W. Pedersen [5] have ex-
tended Mergelian’s theorem to the case where D = C, F is compact, and X is
a locally convex space.

In a different direction Arakélian ([1], [2], and [3]) has generalized Mergelian’s
theorem to the case where D is an arbitrary proper domain of the Riemann sphere,
F a (relatively) closed subset of D, and X = C, Theorem 1 of the present paper
extends Arakélian’s theorem to the case where X is a Fréchet space. We remark
that the necessity of Arakélian’s conditions holds for an arbitrary locally convex
space.

The closed set F CD is said to be a set of tangential, asymptotic, or Carl-
eman approximation provided that for each f€ A(F, C) and each positive continu-
ous function € on F, there is a function g € H(D, C) such that |f(2) - g(2)] < (2),
z € F. Arakélian [3] has given necessary and sufficient conditions for
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tangential approximation in case F 0_ &. For general closed F, the problem has
been completely solved by Nersesian [12]. Our Theorem 2 gives a vector-valued
theorem on asymptotic approximation for the case where F 0= &. As in the scalar
case (see [8]), Theorem 2 yields powerful corollaries on boundary behaviour of
holomorphic functions. In the scalar case, asymptotic approximation has also
found deep applications to value distribution theory [3].

The proof for Banach spaces is a modification of the proof in the scalar case
and requires the use of the Hahn-Banach theorem at several points. We include it
it in the Appendix as Theorem 3, partially for expository reasons, as the proof for
the scalar case is not easily accessible and many details are left out. Our proof
of Theorem 3 is modelled on Arakélian’s proof for the case where D = X=C as
presented by W. Fuchs [7] and Arakélian’s proof where D is a general domain and
Xx=C [2].

We use the following notations. S is the Riemann sphere; p the chordal
metric on S2. For EC §%, §>0, NP(E, 8) = {z €52 p(E, 2) <8}, and E denotes
the S%-closure of E, 9E the S2-boundary. For z€C, 8>0, B(z,8) = {{€C:
|z=¢| <8} Let D be a proper domain in S2. A boundary curve @ in D isa
continuous curve a: [0, 1) — D such that a(t) — 9D, as t — 1. If E and X are
topological spaces, C(E, X) denotes the continuous mappings from E to X; we
write C(E) = C(E, C) and A(E) = A(E, C) etc. For X a Fréchet space, {p"} will
denote an increasing sequence of seminorms which generate the topology of X.

Theorem 1. Let X be a Fréchet space, D a proper domain of the Riemann
sphere, and F a (relatively) closed subset of D. Then

) Hg(D, X) = A(F, X)
if and only if D*\F is connected and locally connected.

Proof. For the case where X = C, the necessity was shown by Arakélian [2]
(see also [9]). Now suppose D*\F is not locally connected and connected. Then
there is a function f€ A(F, C) and an ¢ >0 such that

@ If(z) - gz)| <&, z€F

is satisfied by no function g € H(D, C). Fix x€ X, x # 0, and choose a seminorm
p such that p(x) = 1. Then by the Hahn-Banach theorem, there is an x* € X* for
which x*(x) = 1, and |**(y)| < p(y), for all y € X. Suppose, to obtain a contradic-
tion, that (1) holds. Then there is a holomorphic mapping G € H(D, X) for which

p(f(2)x - G(z)) <¢, z €F.
Thus
|£*(f (2)x = G(2))] <¢;
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that is, |f(2) - ¥*(G(2))| < ¢, which contradicts (2) and proves the necessity.

To prove sufficiency it is enough to show that A(F, X) C Hg(D, X) if D*\F
is connected and locally connected. Let f € A(F, X). We shall construct a Banach
space Y C X, with a stronger topology such that { is also in A(F, Y). Since the
theorem is true for Banach spaces (Theorem 3), f€ H F(D' Y). However, since
the topology on Y is stronger than the topology on X, Hg(D, Y) C Hg(D, X),
which will establish (1).

Let {p,} be a sequence of increasing seminorms which defines the topology
for X. If {o,} is a sequence of positive numbers, then one easily shows that

{x € X: sup wnpn(x) < oo} =YCX
n

is a Banach space with a stronger topology than that of X. Let {D,} be an ex-
haustion of D by domains: D, C D, n=1,2,+.-,and D= Up=1D,- Set
K,=F ND_, and let Kn' be an exhaustion of F® by compact sets such that

K’: C (K':“)o, n=1,2,+-.,and FO= Urﬂ(K':). We set
N 1 " 1

“n  Tasupg 2.0 " Trsupg 00 @)

Lemma 1. For each j,

’
3) S s 0,2, () = M < o,
i
and
sup sup @’ p (f'(2)) = M’ < oo,
@ zeK;. ne f 7

Proof. If z€ K, and 72 j, then w,p,(f(2) < 1. While if n<j, p,© [ is
continuous and thus bounded on Kj' This proves (3), and (4) is proved similarly.
Now set
min (o’ , ©”)
5) o, = o <
and let Y be the Banach space associated with the sequence {wn R

Lemma 2. With respect to the strong topology on Y,
(i) f: F = Y is continuous, and
(ii) f: F® — Y is holomorphic.

Proof. Lemma 1 implies that /(F)C Y and {'(F)C Y, where {' is the
derivative with respect to the topology of X.

To show (i) fix z € F and choose j so that z € K].. Then, for € Kj+l’
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I/(2) = 1O = sup 0,2,/ =) = /)
S 51 0,9, (/(2) = /0) + s9p 0,0,(/1e) = (©)

n2N

<N~ !sup o Wb lf(2) - /(O)+sup o p (f(z) - {({)

n2N

< Mj+l/N + sup a)npn(/(z) - /(Q).
n<N

Given €> 0, choose N > 2M;’+1/" and choose & >0 so that

¢ €B(z, 8) NF = sup w_p ([(z) - [({) <e/2.

n<N

Hence for such ¢, ||f(2) - f({)|| < e This proves (i).
To show (ii), fix z € F°, and choose j and k such that z€ K, n K,: Now

i
choose >0 so that B(z, 8) CK; NK,, andset ['={(:|¢-2| =8} I
|b| < 8/2, then, for every n,

, (1z+h) - /(z)> , 1 (0 [{0a)
w,.P,.< b “""”"<;§§;}fr¢-(z+b)'¢-zd¢)

f IA) Pn([(O)Id{]
7 F|[{-G&+DIL-2]

1 |d{] 2
<M, - <EM. ..
i+l 2m fl‘ =G+ HIL-2]"8 i+
Consequently
, [[Gz+B)-f(2)\ 2
© (5B, U @by (—-—z—— S5Miae
Let |b| < 8/2 and /' be the derivative of { with respect to the topology of
X. Then
f(z + b) - [(2) f(z + b) - f(2)
—_— " '@ = Sl;p © P\ f'(z)
<supawp ()+supwp ()
n=N n<N
As in the proof of (i), it is sufficient to show that, for given ¢,
(z + ) - f(2)
@) sup @ p_ (‘l———'};—‘/——— /'(z)) <<
nz2N

provided N is sufficiently large. Now (7) is less than or equal to
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sup =2 p, (.’.‘L’L’?.:Jlﬁ) + sup =2 9, (/')

n2N n>N
1 , f(z+b)-[(2) 1 u o
<= i\;[;, wp, <—T—— +y ::E wp (f'(z)
12 1

4
Sty Me
The last inequality follows from (6) and (4). This establishes (7), which com-
pletes the proof of Lemma 2 and of the theorem.

Having considered the possibility of uniform approximation, we now turn to
the possibility of asymptotic approximation.

Theorem 2. Let X be a Fréchet space, D a proper domain of the Riemann
sphere, and F a (relatively) closed subset of D with empty interior. Then, for
each mapping [ € C(F, X) and positive function ¢ € C(Dy R*), there is a bolomor-
phic mapping g € H(D, X) such that for each continuous seminorm p,

® o/ (2) - g(2)) = ole(2)),
as z— 0D, z€F, if and only if D¥\F is connected and locally connected.

Proof. In case X = C, this theorem is essentially a corollary of Theorem 1.
However in the general case, it seems that a detailed proof is required.
We remark that it is sufficient to show that for n=1, 2, .--

)] p,(/(2) - g(z)) = O(e(2)),

as z — dD, z € F. This is so, because for each p there is an n and a constant
A such that p <Ap,, and by choosing an appropriate €(2) we can replace o by O.

We now prove (9). Let D, F, {, and ¢ be as in the hypothesis of the theorem.
If F is compact, then the theorem is vacuously true.

Suppose F is not compact. Then we may assume lim e(2) is zero as z
approaches the boundary of D.

If K is a compact set in D we may choose a compact set K! C D and con-
taining K such that (D*\F)\K! is connected. Also set

K2={z e F: (2) > €({), for some ¢ ekl u KL

Now let [Kn} be a normal exhaustion of D by compact sets inductively con-
structed so that Ky NF £ @ and K;‘:_l C K:, n=1,2,.... We may choose the
K, in such a manner so that the €, strictly decrease to zero, where ¢, =
min {e(2z): z € K;‘:l. Set Fy=F an and, for n=1, 2, «.., set

2 2 2 .
F,=K._ JU(FNK)=K,_jUlzeF:dz)>el

n

It is not difficult to verify that D*\F n is connected. Thus F, is a “Mergelian set.”



154 LEON BROWN, P. M. GAUTHIER AND VW, SEIDEL

Set f, = f, for z € F. Then by Mergelian’s theorem [5], there is a mapping
8o holomorphic on all of D such that p,(gy(2) - fo(2)) <¢;/4, z€ F,. Now set
K_;=@,e_;=+0, g_; =gy and suppose mappings 8, 1=0, 1, ..., n-1,
holomorphic on all of D, have been defined satisfying

(10) p{f(2)-glD <e/2, i e, <<€y,
(11) P gD -gN<e, /4 if )=,

and

12)

1

pi(gj(z) -8, l(z)) < ej/zj*l, z € KJZ._
We wish to define g, but first we must define f,. Set [, =g,_, on K;‘:__l. The
function f, is defined on the closed set K:_l and we shall define it on all of
F, Set H ={f ~/[ Then H, is defined on a closed set which does not meet

the set

(13) fzeFrd2)=¢l

Set H" =0 on the set (13). H n is continuously defined on a closed subset of the
normal space

(14) fzeFie, _;2e2) e}

and is p,-bounded by ¢,/4. By Dugundji’s extension of Tietze's theorem [G], we
extend H, continuously to all of (14) so that the extension retains the same
bound. Now [, = [+ H, is continuously defined on all of F, and is holomorphic
on the interior. By Mergelian’s theorem, there is a function g, holomorphic on
all of D such that p, (g, (2) - £, (2) < €n+l/2n+l' z€F, . From the way in
which f, was defined, it follows that g, satisfies (10), (11), and (12).

Thus we define a sequence {g”} satisfying (10), (11), and (12). From (12) it
is clear that {gn§ converges to a mapping g holomorphic on all of D. Now fix
p, and let z be any point of F so close to the boundary of D that e(z) < €no1e
Choose N so that ¢,(2) < ez) < ey _;. Then for any m >N,

m
p,(/(2) - glz)) < b,/ (2) - gn(2)) + . Nzl pj(gl.(z) -8, @) +p_(g(2) - gl2)).
j=N+

By choosing m sufficiently large, the last term can be made as small as
desired, and so from (10) and (12) it follows that p (f(z) - g(2)) <€\ < e(z). Since
this holds for any z for which () <¢,_,, the proof is complete.

As a consequence of the preceding proof we have

Corollary 1. Under the bypotheses of Theorem 2, for each seminorm p, there
is a holomorphic mapping g € H(D, X) for which p(f(z) - g(z)) < 2), z € F.
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As a further application of Theorem 2 we have the following result, first
proved by Kaplan [10] for the case that X = C.

Corollary 2. Let X. be a Fréchet space, D a proper domain of the Riemann
sphere, {a V| a family of disjoint boundary curves, and let f€ C(a, X), n =
1,2,3, ..., and e C(D, R*Y). Then there exists a holomorphic mapping g € HD, X)
such that for each continuous seminorm p, and each n =1, 2, ..., p(f(2) - g(z))=

old2)), as z — 9D, along a_.

Proof. The proof is the same as for the case X = C (see [8]).
A holomorphic mapping g € H(D, X) is said to have asymptotic value x € X
along a boundary path @ in D provided f(z) — x as z — dD along a.

Corollary 3. Let X be a Fréchet space, D a proper domain of the Riemann
sphere, @ , n=1,2, ..., a family of disjoint boundary curves, and X,, 7=
1,2, .., a sequence of elements of X. Then there is a holomorphic mapping
g€ H(D, X) which has asymptotic value x, along @, for n=1,2, ...

Note that by an appropriate choice of ¢(z), one also obtains a mapping which
approaches prescribed values with a prescribed speed along prescribed boundary
curves. For the case where X = C, Corollary 3 was proved by Bagemihl and
Seidel [4] and by Rudin [13].

~ We conclude this section with some open problems.

Conjecture 1. Theorem 1 fails if X is allowed to be a general locally convex
space. A counterexample is required.

Conjecture 2. Theorem 1 holds for X locally convex, K compact, and D an
open Riemann surface.

Conjecture 3. Theorem 2 holds for X Fréchet and D an open Riemann surface.

APPENDIX

Theorem 3. If X is a Banach space then Hp(D, X) = A(F, X) if and only if
D*\F is connected and locally connected.

Proof. The following proof is based upon Arakélian’s proof for the case where
D and X are the plane as presented by W. Fuchs [7] and Arakélian’s proof where
D is a general domain and X the plane [2].

Four lemmas are required. We begin with a slightly modified lemma of Rudin.

Lemma 1 (Rudin [14, p. 383]). Suppose o is a compact and connected sub-
set contained in a disc of diameter 2r, ) = S Ng is connected, and the diameter

of o is at least .99r. Then there is a function g € H(Q) and a constant b, with
the following property: If

(15) 0, 2) = g(2) + (£ - bg*(2),
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the inequalities

(16) |04, 2)| <100/7,

an 10, 2) = 1/(z = O] <1000 /|7 - ¢|3,
bold for all z€Q and for all { in the disc.

Lemma 2. Let o be a compact, connected subset of D and y be a boundary
curve originating at a point of o, E a closed subset of D such that (y v o) N
Ey=g.1f 0(2) is a function holomorphic in $2\o, 1> 0, then there exists a
in H(D) such that

(18) p2) - 0(2)| < for z € E,.

Proof. The method of proof involves the standard technique of pole pushing.
We include the proof for completeness.

Let y be parameterized by z: [0, 1) — D. By finite induction one chooses
0<ty<t,;<...<t, <t ,<...<lsuchthatif 21, then p((t), D) < 1/n.
Again by induction we choose domains G, such that

(i) G, NEy =g for all n,
(ii) G; dov ([0, ¢,)),

(iii) G, D =([t,_,, t.), n>1,

(iv) G, C Np(aD, 1/(n =2)), n> 2.

Using Runge’s theorem we construct inductively a sequence of rational func-
tions ¢, with the following properties:

(i) ¥, has a unique pole at z(t,),
(i) 1Q(2) - ¢ ,(2)] < 7/2 for z € SE\G,,

(i) g, _,(2) - ¢ (=) < /2" for z€ SP\G,, and n> 1.

On compact subsets of D, {, converges uniformly to a function ¥ in H(D).
If z€E, then

106) - ) <10 -, + T W, _4(&) =4, <.
This completes the proof of the lemma. )

Lemma 3. Let D be a domain of the finite plane. Then there exists a func-
tion p € C*(D) such that 0 < p(z) < p(z, dD), |dp| <1 for z€D.

Proof. See Arakélian [2, Lemma 4].
If ¢ is a function from D into X which has continuous partial derivatives
we say that ¢ € C}(D, X).
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Lemma 4. Let D be a domain of the finite plane and [ a continuous func-
tion from D to X. For ¢> 0, there exist 8 € C}(C) and ¢ € CUD, X) such that
8|C\D =0, and for z€D,

(19) 0< 8(2) < %plz, dD),  |38| < minle, 8'2(2)},

(20) lp(x) - D] <& 13(2)] < /(2.
Furthermore, if for some point z € D, the function [ is holomorphic in the disc

|¢ - 2| < 8(2), then ¢(2) = f(2).

Proof. Taking €< 1, we shall construct the function &(z). For the compact
set Ky CC, K ={zeD: p(z, dD) > A}, the condition z € K) and |{~ z| <A/2
implies that {€ Ky/,- Thus for 0 a constant, 8 < A/2, we may set

o, 8) = max 11O - ().

ZGKA, {~z|<

Note that (-, &) is nonincreasing, w(A, -) is nondecreasing and w(A, 0) = 0.
Thus we may define §,(A) as the unique value of & for which w(}, 8) + & = e\/2.
Note that 8,(A) is strictly increasing. Now define §,(A) by

52 =% [ 8V Wa, 0<A<1,
Evidently, we have
(21) 8,(0) <8,() < ed/2 < A/2.
Also, a direct calculation gives
8, = 8Y2(8Y %) < minte/2, 821
For z€D, we set 8(z) = 32(p(z)), where p is the function in Lemma 3. (19) fol-

lows since

0<&8z) = 82(p(z)) < p(2)/2 < p(z, 9D)/2
and

108(z)| =| 85(p(=))|Gp(2)].
For z€ C\D, set 8(2) = 0. We must verify that & € C}(C). This follows from
(21) and the fact that 8, is continuous and p€ C (D).
The mapping ¢ is defined by the vector-valued integral

22 8 = @ [[ L, 1O sy,

where dsy is Lebesgue planar measure. It is clear from (22) that if f is holo-
morphic in the disc |{ - z| < 8(z), then x*((2)) = x*(f(2)), for each x* € X*,
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which implies by the Hahn-Banach theorem, that ¢(z) = f(z).
Furthermore

é(z) - 12| < | max /() - [(2)]| < w(p(2), &(2))

-z sS(z)
= 0(p(2), 8,(p(2))) < wlp(z), 8,(p(2))) < ep(2)/2 < ¢/2 <e.
To complete the proof, there remains only to verify the second inequality
of (20).
36 238(2) 1
T () -UIC z|58(z) Qdsy 702(z) ffl L-z|s8(2) 1Qadsy

Let ¢(z, 8) = ff' ;_z|<5/(€)d$§. Then

3te, 8) - [ 2z, 91366+ 2 G, 9] 5.0y

Since 9z =0, we have

205(z)

3ple) = = —— (2) + = 2(2) \ = 9 fl esfes Qs §> 35(z)
- g )+ 8+ = [ D 27 e 4 e ] k2
- 2‘:’;23) [.¢<z) b 77 1z Bl2)e™) d0]
_ 2";3(:’ [10-9t0)+ 32 27 1162+ 00 - /(z)zdo] .
Thus,

B < 25 e+ 35 [27 oo, stat] < 25,
and the proof of Lemma 4 is complete.

Having established the required lemmas, we now proceed with the proof of
the theorem. Let D*\F be connected and locally connected. If f€ A(F, X), then
we shall prove that f€ Hp(D, X). Since X is an absolute retract [6], we may
assume that f€ C(D, X). We may also assume oo ¢ D. Given ¢ >0, let ¢ and &
be the functions from Lemma 4, and T the support of d¢. Also,let {D,} be a
normal exhaustion of D. That is, for each n, n is a domain bounded by finitely
many disjoint smooth Jordan curves, Dn CD,,;and D= U =1Dp Using the
Hahn-Banach theorem, one easily obtains the following generalization of Pompeiu’s
formula [7, p. 14]

(23) #(z) = %1— fao 4‘75_(0 -~ f f b, 3¢_(_0 dsys

for z€ Dn.
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Let Co be such that d({,, D\F) < 8(y). Therefore there is a point

le (D\F) N B((O, 1.001 6(40)). Consequently, since D*\F is connected and
locally connected ¢ ! can be joined to the boundary of D by a curve Yo C D\F,
such that for each m there is an n > m such that

(24) Yo ND, =@ if { eD\D_.

Moreover, one can find an arc 0, of y, contained in B({,, 28({;)) and of diameter
0.99 8(¢,). An application of Lemma 1 establishes the existence of a function

0,4, 2) linear in ¢, Qy(¢, ) € H(SP\ay),
1| g 1000 5%(£,)
C-2f  |¢-af?

where ¢ € B({,, 26(¢;)) and z€ S 2\00. By restricting { to a sufficiently small
disc By 0 with center at Co we arrive at the following inequalities:

|Q0(Ca Z)l < o QO(C, z) -

’

s(co

(25) IQo(é; z)' < 200/8(09
2
6) 10,(¢, ) = 1/ = 2)| < 2000 8Q/|L - =3,
where { € By and z € $2\a,,.

The family {Bg: e T}=B is an open cover of En N T for all n. By finite
induction and the Heine-Borel theorem we can extract a sequence B, with asso-

ciated functions Q ({, 2), n=1,2, ..., suchthat T n U”B is stnctly increas-
ing and for a subsequence of indices 7, D N TC U"’e B

For £ €T, we define Q({, 2z) = 0.(¢, z) where j is the smallest index such
that € B Let G, =TA" (B \U"‘IB ). Then we have

27) 0(., 2) is linear on G .
If { €G,, 0, ) is holomorphic on @, = $*\o D F,

28) where 0 is an arc of a curve which joins a point near ¢ to
the boundary of D,

(29) 10(&, 2)| < 200/8(0),

G0 104, )~ 1/ = 2] < 2000 82V - 2|2,

for (€T and zEQg..
The integral

= :7 ffrnnn (&) {Q(C’ 2) - Zi—z} “p =€F
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exists by (27), and the fact that T N D” is contained in a finite union of the Gk’s.
We shall show that
6L 1l < e,

where A is a constant independent of 7 and of z € F. For V,={{eD: |{-2| <

4501,
l
<z ffron a<o|‘~"¢"" lc

= fanDnan IanDn\Vz <AdI + L),

by (29) and (30), where

ds 8
4
I, = STy I, = - d .
2 I s e e o
Because of (19) and the mean-value theorem,
(33) [8(0) - 8(2)] < 2¢|l¢ - 2|, ¢,z €eD.

Hence if ¢ <1/16, we obtain for £ € V., 8(2)/2 < 8({) < 28(2), which implies that
V, C B(z, 85(z)). Therefore

ds
2 4
Iy < 8(z) ﬂs(z.asm |¢ - 2|
Analogously C\V_ C C\B(z, 25(z)) and so

04)
Iy<2m+ .Ua(z INB(2,28(z)) £~ z|3

= 32m.

dsy = 277+f2”1 ©) do.

Furthermore, taking (19) into account, and the estimate 8({) < |{ - 2|, €
C\B(z, 25(z)), and integrating by parts,

- ;8(2) 8(z + pe'®d1/p)

5 i6 V2 i

&z + 28(z)e™) fl (z+pe9)dp<l+fldl=
28(2) 25(z) (4

This completes the proof of (31); which says that the function

1 #({)
b= o T k- ffm (D, 2)dsy

satisfies
(34) |p(z) - bn(z)l <Ae, z€FND,

where A is a constant independent of n.

Recalling that for { € G O, 2)=gz)+({-b )g,z(z) where g; is holo-
morphic in § \ , we invoke Lemma 2 to obtain a function ¥ (2) holomorphxc in
D such that
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|gl.(z) - ¢i(z)| <n, z€FuU [_)Ia(i)’

where k(j) is the largest index for which Bk does not meet the boundary curve
y; of which 0, is an arc, and 7, is chosen so small that setting

(35) G, )=y (2) + (£~ j)!/"z.(z),
le G;, z€D, we have

|G, 2) - Q& 2)] < 8()/(1 + [¢13),

for L€ G]. and z€ FU 5/:(;‘)‘ From (35), G(., z) is integrable over T N Dn,~ and
we have

] . 80
<z IanDnEiZ) PE dsy

ds
5% .Uc 1':]2-‘5-“‘"

for z€ F, where A is a constant independent of z and of n.

% ffTﬂD” a‘l’(O{Q(g, z) - G(é, z)}dsc

Thus we have shown that the function

1 $Q 1
0= fp 22 a1 [, w00,
holomorphic in D _, sat1sf1es
(36) If(z) - Hn(Z)“ <Aey, z€EFN Dn’

where A is independent of # and z.

To complete the proof we need only show that as n — o, H converges to a
mapping g, holomorphic on all of D. Let K be a compact set in D. Choose 7,
such that KCD, . By (24) there is an N, such that j> N; = k(j) > n;. Now

choose N,> N, such that T\DN2 cU?” Suppose N, <m < n. Then, for
z€K,

1 #() 1 -
H,(2) - K, (2) = 5 (faon" faom) i = -2 ffrn(on\om) 0pQG(C, 2) dsy

The formula of Pompeiu then gives:

H (z)-H (2) = 11—7 Ian(D ) 96(Q) {C_-l-—; - G(¢, z)} dsy

.UTn(D \D_) 3 {C—:— -0(¢, z)} dsy

7 Ian(Dn \D_) IP(DQ(S, 2) - G(£, z)idsy

-_-Il+lz.

I=Nl i’
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The choice of N, yields the following estimate:
1 ¢ 200080 2000
<t [, =S dsy <22 ffo \o
" n P 8(&) |¢ - 2|3

()
"’2"- _”-D \D B(Q 1+|§|3 dsy ffD \D, 1+|¢|3

These estimates show that I, and I, converge to zero, uniformly on K, as

"1¢- Zl“”
dsg

n, m— oo, Thus H  converges, uniformly on compact subsets of D, and the proof of
Theorem 3 is complete.
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